Chapt er 8

Prescriptive Marriage Systens and Pernutation Matrices
Matrix Inverses and the ldentity Matrix

1x = x1 = x for every nunber x in ordinary arithnetic.

There is a simlar matrix, called an identity matrix, that
has the same property as 1. Miltiplication by an identity
matri x | eaves the other matrix unchanged. Ildentity
matri ces have ones on the nmai n diagonal and zeros
everywhere el se.

In ordinary arithnetic, all nunbers except zero have
i nverses. For any non-zero nunber x, xx 1 = x~1x =1
Many but not all square matrices have inverses al so. For
matrices with inverses, AAl = A-1A = |, where | is an
identity matrix. t
Here is what a 4 by 4 identity matrix |ooks |ike.

1000
- 0100
0010
|0 0 0 1
Here is an arbitrary matrix A
2 2 5 1
-1 7 2 6
A =
7 -4 0 -3
|0 2 2 0
| is like a one in arithmetic multiplication.
2 2 5 1
-1 7 2 6
Al =
7 -4 0 -3
I 2 2 0 |
2 2 5 1
-1 7 2 6
|-A =
7 -4 0 -3
0 2 2 0

This is the inverse of A:
0069 01 0177 0073

-03 0.1 0.1 0.65
03 -01 -01 -015

0238 0.1 -0.054 -0.696
A mtrix tinmes its inverse equals the identity matri x.



[1 0 0 0]
1 0100
AAL=
0 010
(0 0 0 1]
1000
1 0100
ALA=
0 010
|0 0 0 1]
Cal cul ating the inverses of matrices can be quite
| aborious. | will ask you to be able to conpute the

inverse of two by two matrices, matrices with two rows and
col ums.

lall al2 ]‘1

a2l az22
1 a22 -a2l
(all-a22 - a2l1-al2) | -al2 all

The matri x does not have an inverse if the denom nat or
of the fraction equals zero.

Pernmutati on Matri ces

Pernmutation matrices are square matrices consisting of
1's and 0's in which there is exactly one 1 in every row
and colum. The follow ng, for exanple, are three by three
pernmutation matrices.
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0 0 1

100

0 10

All pernutation matrices have inverses. They are sinply
the transposes of the permutation matrices. If Pis a
permutation matrix, then P1 = Pt
Anot her feature of pernutation matrices is that the

product of two pernutation matrices is always a pernutation
matri x. For exanple, consider the second and third

pernmutation matri x above. Their product is the sixth
permutation matri Xx.

10 0][0 0 1 0 1
00 1lo1o0]|=]12 0
0 10 100 0 0

tatio

Definition: A permu i

menbers of a set.

n is an ordered arrangenent of the

For exanple, consider all the different ways of
ordering the nmenbers of the set {a, b, c}. There are six
di fferent orders.

abc
ach
bac
bca
cab
cba

For any S, there are |S|! pernutations. As was
mentioned in the first chapter, |S is the nunber of
elements in set S. The "!" synbol is read "factorial" and
refers to the product of all the nunmbers |less than the
preceedi ng nunber and greater than zero. For exanple, 3! =
3x2x1, 4! = 4x3x2x1, and so on.

Pernmutation matrices correspond to permutations. Each
pernmutation matrix produces a pernmutation in the foll ow ng
way. Suppose that three nenbers of a set {a,b,c} are
ordered (a, b, c). Then
(b ¢ a)
0 0 1
100

0 10

The effect of this pernutation matrix is to change the

order so that the first el enment becones third, the second

(a b c)-



becones first, and the third beconmes second.

If this pernutation is applied the second tine, to the
new pernutation (a,b,c)P, then it still has the sane
effect, noving the first elenent to third place, etc.

(c a b)
0 01
(b c¢c a) |1 0 0
O_

(c a b)
[0 0 1]?
(a b c)|{1 00
10 1 0|

The general rule is as follows: If A and B are
pernmutation matrices, then AB is a pernutation whose effect
is the result of applying A and then applying B to the
altered order produced by A

Pernmutation matrices are also incidence matrices and
can be represented by graphs. Suppose we have the
follow ng two pernutations on sets of size 4.
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These two permnutations can be represented by the
foll ow ng graphs. The graph for Ais in solid Iines and
for Bin dotted |ines.
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We can read fromthese graph what the effect of AB is.
For exanple, A noves what is first place to second pl ace
and B noves what is in second place to first place. So the
effect of AB nust to leave what is in first place
unchanged. A noves what is in second place to third pl ace
and B noves what is in third place to fourth place. So,




the effect of AB nust nove what in second place to forth

pl ace. W can al so show this by |ooking at the matri x AB.
1000
0 0

0 1
0 0
Ki nshi p Rel ati ons Expressed Through Matrices

Kinship relations can be quite conplex, and yet we seem
to be able to master themw thout too much difficulty.
Kinship terns inevitably group together different
individuals with different biological relations to an
i ndi vidual. For exanple, the follow ng individuals each
have a different biological relationship to "ego" (the
person from whose perspective we are exam ni ng the kinship
systenm). They are all "uncles."

1. Ego' s not her's brot her
2 Ego's father's brother
3. Ego's nother's sister's husband
4 Ego's father's sister's husband

The follow ng individuals may both be referred to as
"grandfather."

1. Ego's nother's father
2. Ego's father's father

The following nay both be referred to as "brother in | aw'
1. Ego's sister's husband
2. Ego's wife's brother
3. Ego's wife's sister's husband

Notice that in all these instances, kinship
terms classify people in the sanme category who have quite a
different relationship to ego. There is no obvious reason
why three different types of relations should all be
classified together as brother-in-law. Ego is biologically
related to the children of his sister and her husband but
unrelated to the children of his wife's brother and his
w fe.

Before we go on, | want to introduce a standard di agram
for biological kinship relations, a kinship "tree."

Figure 1



In the types of diagrans represented by Figure 1
mal es are triangles and fermales are circles. The short
hori zontal |ines connecting nmales and fenmales are
marri ages. Vertical lines connect a married couple to
their children. This diagramshows the parents and
grandparents of a male child, his uncles and aunts, and his
femal e first cousins.

These di agrans are graphs representing two
different kinds of relationships. One is the parent-child
relation and the other is the marriage relation. Let's
define aCb if person a is the child of person b and aMy if
person a is married to person b. Neither relation is
refl exive and the Mrelation is symetric.

We could also represent these two relations as

matrices. Let Gj =1 if j is the child of i. The
transpose of C, C', is a matrix of parenthood; Ctij =1 if
] is the parent of i. Let Wi =1 if i is married to j.

O her relationships can be represented as

products of these matrices. For exanple, C2 gives paths of
length 2 with

respect to the "child of" relation. Therefore, c2 gi ves
the relation "grandchild of". CQij =1if i is the

grandchild of j. S= ctCwll show which pairs are
si bl i ngs. Sij =2 if i and j share two parents. For

hal f-siblings, Sjj = 1. The matrix A=CcCwill show

uncl es and aunts.

The products of these matrices represent novenent in
ki nship diagrans |like Figure 1. The C matrix corresponds
to paths froma parent to a child. C corresponds to a path
of length 2 froma grandparent to a grandchild. C
corresponds to vertical paths up in the diagram W
corresponds to horizontal paths fromnmen to wonen. W



corresponds to horizontal paths fromwonen to nen.

Kinship in other societies

Ant hr opol ogi sts have studi ed what they cal
clasificatory kinship systens, which are based on the
dentification of biological kinship with social kinship and
clans in interesting ways. A sociologist, Harrison Wite,
was the first to give a conplete mathematical description
of these kinship systens. Wiite described marriage systens
that had the foll ow ng eight properties.

1. The entire popul ation of the society is divided into
mutual |y exclusive groups, which we will call clans. A
person spends his or her whole |life in the sane clan. W

w Il assune that there are n such cl ans.
2. There is a rule fixing the single clan anong whose
wonen the nmen of a given clan nust find their wives. In

other words, all the nmen in a given clan nmust find their
w ves in one clan.

3. Men fromtwo different clans cannot nmarry wonen of the
sanme cl an.
4. All children of a couple are assigned to a single

clan, uniquely determ ned by the clans of their nother and
f at her.

5. Chil dren whose fathers are in different clans nust
t hensel ves be in different clans. In other words, all the
children in a given clan have fathers in the sane cl an.

6. A man can never marry a woman of his own clan. A man
can not only not marry his sister. He can't marry anyone
in his sister's (and his own) cl an.

7. Every person in the same society has sone relative by
marri age and descent in each other clan: i.e., the society
is not split into groups not related to each other.

8. \Whether two people who are related are in the sane cl an
depends only on the kind of relationship, not on the clan
ei ther one belongs to. |In other words, if sone fathers and
sons are in the sane clan, then all fathers and sons are.



O, if some nen and their nother's brother's daughters are
in the sane clan, then this is true for all nen and their
not her's brother's daughters.

Matri x Representations of Kinship Rules

According to properties 3 and 4, there is a one-to-one
correspondence between the husband's and wife's clan in
these marriage systens. The nen in each clan can marry
wonen fromonly one of the other clans, and visa versa.
Thi s correspondence can be represented by a matrix.

Exanple 1
Let's take an exanple, the Kariera tribe in Wstern
Australia. The rows of the following Wmatrix w ||

represent the husbands and the colums the wi ves. The four
cl ans are the Banaka, Burang, Palyeri, and Kari nera.

W=

o O O Bk
= O O O
S —» O O

0
1
0
0

This matrix tells us that Banaka nen marry Burung Wnen,
Burung nmen marry Banaka wonen, Palyeri men marry Karinera
wonen, and Karinera nmen marry Palyeri wonmen. The transpose
of this matrix, which is also its inverse, gives us the
cl ans of w ves' husbands.

Properties 4 and 5 say that there is also a one-to-one

correspondence between the clans of fathers and chil dren,

and this also can be represented by a matrix C
0 010

oS B+ O
= O O
o O O
o O -

These matrices are consistent with the eight properties.
In any Wmatrix, there cannot be any 1s on the nmain
di agonal because nen and wonen of the sane clan cannot
marry (property 6). There is only one "1" in each row of W
because of property 2. There must be only one "1" in each
colum of Wbecause of property 3. Simlarly, properties 4
and 5 guarantee that matrix C nust have one "1" in each row
and col um.

Exanple 2

The followng pair of Wand C matrices al so satisfy



all the eight properties
0
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Each of these matrices also have one 1 in each row and

colum and the Wmatrix has no 1s on the main diagonal.

The transpose (and inverse) of Wgives the husband' s cl an.

ct =cCc1l gives the father's clan.
The followng Wand C matrices violate one or nore of
t he ei ght properties.
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The first Wmatrix violates assunption 3 and
assunption 6; nen in clans 1 and 2 marry wonen fromthe
same clan, and nmen in clan 2 marry wonen in their own clan.
The second C matrix violates assunption 8; fathers in clan



3 belong to the sane clan as their children, but this is
not true for fathers in clans 1 and 2.
The third pair of Wand C matrices viol ates assunption

7. In this system no nenbers of clans 1 and 2 will have
any relatives in clans 3 and 4, and visa versa. For
exanple, a man in clan 1 will have a wife in clan 2. Her

father will be in clan 2 and her nother will be in clan 1
The man's children will be in clan 1. H's sons will marry
wonen in clan 2 and his daughters will marry nmen in clan 2.
The children of his sons will be in clan 1 and the children
of his daughters will be in clan 2. None of his relatives
will be in clans 3 or 4.

Al'l of the assunptions were expressed in terns of nen
and fathers, but this is arbitrary. W could have just as
easily described things froma female point of view The
postul ates would then read as foll ows:

1. sane
2. There is a rule fixing the single clan anong whose nen
the wonren of a given clan nust find their husbands. In

other words, all the wonen in a given clan nmust find their
husbands in one other clan.

3. Wnen fromtwo different clans cannot marry nen of the
sanme cl an.
4. sane.

5. Chi l dren whose nothers are in different clans nust
t hensel ves be in different clans. In other words, all the
children in a given clan have nothers in the sane cl an.

6. A woman can never marry a man of her own clan. A
woman cannot only not marry her brother. She can't marry
anyone in her brother's (and her own) clan.

7. sane.
8. sane

Fromthe femal e point of view, we could use a H
(husband) matrix giving the clan of the husband for wonen
in each clan. This Hmatrix is just the transpose of the W
matrix. We could also describe a different C matrix in
whi ch the clan of the children are given as a function of



the clan of the wwfe. For consistency, we wll use the
mal e-centric Wand C matrices.

D agrans of Kinship Rel ations

These matrices correspond to graphs of the marriage
and kinship relations between clans. Let a solid line
represent the marriage relation (where nmen find their
wi ves) and a broken line the clan of each father's
children. Then the diagramfor the Kariera tribe is as
fol |l ows.

Figure 2
™

di————————nf

For the second exanple, the diagramwould | ook as
fol | ows:
Figure 3

i

Pernmutati on Matri ces

A square matrix with one 1 in every row and col um and
zeros el sewhere is called a pernmutation matri x. A
permutation is a one-to-one mapping of the elenents of a
set into each other. The diagrans in the |ast section are
pernut ati ons because each clan is associated with just one
other clan by the marriage and descent clan rules. This
corresponds to the fact that there is exactly one solid
(for clan of wife) and one broken (for clan of child) line
fromeach of the clan-vertices. No diagramw th nore than
one line (of a certain type) comng froma point can
represent a permnutation.

Second, the product of two pernutation matrices is al so



a pernmutation matri x. In earlier chapters we | earned
that the products of matrices corresponded to paths in a
graph. The product of two marriage-descent matrices gives
the cl an nmenbershi ps of nore distant connecti ons.

For exanple, C gives the father's children's clan. c2

gives the clan of the sons of his sons. C3 gives the clan
of the sons of his sons of his sons. In exanple 2, the
child of a father inclan 1 is in clan 2, and the child of
a father inclan 2 is in clan 3. Therefore, a man's son's
children are in clan 3 if heis inclan 1. W can verify

this by |ooking at C2.

[0 1 0 0 0]
00100
C:=1000 10
00001
100 0 O
00100
000 10
c2=|0 00 0 1
100 00
01000

C13 = 1, as we expect.

The transpose of C, which is also the inverse of C
gives the clan of the father as a function of the clan of
the child. Therefore, c1c1l = C2 gives the clan of a
man's father's father.

The (3,1) elenent is one, as expected; nen in clan 3 have
father's fathers in clan 1

000 10
00001
C2=|100 0 0
01000
00100

Every kinship relation can be represented by products of
matrices. For exanple, the clan of a man's son is given by
Cand the clan of a man's wife is given by W Therefore, C
tines W CW gives the clan of a man's daughter-in-law. A
man in clan 1 has a son in clan 2, and a son in clan 2 has
awfeinclan 4. W can see this in the matrix CW



[0 01 00
00010
W:=1[0 00 0 1
100 00
001 000

0 0010

00001

CW=|1 00 00

01000

|0 01 00
01000
00100
C=|0 0010
00001
100 00

In the matrix CW each row represents the clan of a nan
and each columm represents the clan of his daughter in |aw

C1l gives a man's father's clan. Wagives a wife's

cl an. C'1VVgives the father's wife's = nother's clan.
It also gives the clan of all of her siblings, including a
child s maternal uncle and aunt (by bl ood, not marriage).

H's nother's brother (of clan c-lvv wll marry a wonman of
clan C 1wy which will give the clan of this aunt by
marriage. Hs nother's sister (also of clan C1wW will

marry a man of clan Clwwl = ¢c1 which will be the clan
of this uncle by marriage.

C 1, which gives the clan of a child s father, also
gives the clan of the father's siblings, the child's
paternal uncle and aunt by blood. The father's brother (of

clan C1) will marry a wonan of clan Clwand the father's

sister (also of clan C1) will marry a man of clan C 1wl
Therefore, a child' s paternal uncle and aunt by marriage

will have clans Clwand c 1w1l.

In the Figure 3,

This gives the clan of a child' s nother.
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This gives the clan of the father's sister's children.

0 0010
0 0001
ctwtc=|100 0 0
01000
|0 01 0 0]
This gives the clan of nother's brother's children.
[0 0 1 0 0]
000 10
ctwc=|000 01
100 00
|01 0 0 O]
This gives the clan of the child' s nother's nother
00100
00010
ctwctw=|0 00 0 1
10000
|01 0 0 O]
This gives the clan of the father's nother.
10000
01000
C2W=|0 01 0 0
000 10
0 0001

Notice that we could sinplify some expressions because the
product of a matrix and its inverse is the identity matrix,
and nmultiplication by the identity matrix | is just like
mul ti plication by one. The clan of the nother's sister's
husband is clwwl, wwl =1 and cll = Cc1 so the clan
of the nmother's sister's husband is Cl. The clan of his
children is the sanme as that of ego because C1C =1, the
identity matri x.

Ant hr opol ogi sts classify these societies according to
whet her or not individuals can marry their first cousins or
other individuals in their first cousin's clan. They
di stingui sh between parallel cousins and cross cousins.



Mother's sister's children and father's brother's children
are parallel first cousins. Mther's brother's children
and father's sister's children, on the other hand, are
Cross cousins.

It's clear from the diagramthat a man cannot nmarry a
parall el cousin or any nenber of her clan. She is always
in his clan, and by property 6 a man can never marry
sonmeone from his own clan. He can marry his patrilatera
or matrilateral cross cousin if their clan is given by the
Wmatri x

|. Matrilateral cross-cousin nmarriage condition
C1lwc = Wor, equivalently, WC = CW

Il Patrilateral cross-cousin marriage condition
clwlc = wor, equivalently, wWlc = cw

Let's | ook at sone exanpl es.
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For this marriage system the conditions for
matrilateral cross-cousin marriage are net, and those for
patrilateral cross-cousin marriage are not. A man nay
marry his nother's brother's daughter (or someone from her
clan), but not his father's sister's daughter.

Now consider the following illustration.
[0 0001 0]
0 00O0O01
100000
W=
010000
001000
|0 001 0 0
010000
100000
0 00O0O01
C =
000010
000100
|0 01 00 O]
The diagram of this systemis:
1 - 8 = 5
i ¥ +
v : ;
2 . & - 4
[0 0 00 1 0]
0 00O0O0:1
100 000
ctwhcs=
010000
001000
|0 001 0 0]
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This systemsatisfies the conditions for patrilateral but
not matrilateral cross-cousin marriage. A man may narry
his father's brother's sister's (or soneone in her clan)
but not his nother's brother's daughter (or anyone else in
her cl an).

Bil ateral cross-cousin marriage

A cousin can be both a matrilateral and patril ateral

cross cousin if clwlc = clw This condition can be
sinplified through the follow ng steps..

clwlc=clw

cclwlc = cclwe, nultiplying both sides of the equation
on the left by C

wlc = W, because cc'1l = |

wlcc1l = wcl, nultiplying both sides of the equation on
the right by C1

wl =w because cc1l =1

wl = wwv

| = W because Wlw=|

A man's matrilateral and patrilateral cross cousins
belong to the sane clan if W2 = 1. A man can narry his
(bilateral) cross cousins if, in addition, Clwlc = clw
= W or, equivalently, WC = CW

The following is an illustration of a nmarriage system
in which a man can marry his bilateral cross-cousins.
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0 01O

0 0 0 1

0 01O

01 0O
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0 1 0O

0 01O

00
00
00
00
Note that natril ateral
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1. Which of the following pairs of C and W matrices violate one or more of the eight characteristics of
prescribed marriage systems? If they violate assumptions, state which ones.

1 0 0 010
ci=|1 0 0 w:i={0 0 1
0 1 0 |1 0 0]
100 001
c:=|0 w:i={1 0 0
(01 0] [0 1 0]
[1 0 0] (1 0 0]
ci=|/010 w:i=10
|0 0 1) [0 0 1)
(1 000 0100
0100 1000
C = W=
0010 0001
(0001 0010

2. What kind of marriage systems are the following? Which kinds of cross cousin marriage do they permit?

[0 1 0] 001
c:=|l00 1 wi=|100
|1 0 0] 010
[0 1 0] [0 10
c:=|l00 1 w:=|0 0 1
|1 0 0] (100
[0 1 0 0] [0 0 0 1]
1000 1000
C:= w =
0001 0100
|0 010 |0 010
(1 0 0 0] [0 1 0 0]
0100 1000
C:= w =
0010 0001
|0 00 1) |0 010




