Chapter 5
Addition and Multiplication of Matrices

Matrices can be added and nultiplied according to their own
special rules. If Aand B are two matrices, then A+tB is their
sum and AB is their product. For exanple, consider the
followng two matrices giving the anount of trade between
countries in tw different years.

0 50 70 80 30
20 0 40 30 50 21 0 40 30 50
T1:= |60 70 O 60 80 T2 := 163 66 0 60 80
70 20 50 0 10 68 24 50 0 10
|10 60 70 5 0 | 17 70 90 15 O

ADDI TI ON OF MATRI CES

For addition of matrices, the dinensions of the two nust be
exactly the sane or else addition is not defined. T1+T2 is a
new 5 by 5 matri x whose el enents are the suns of the
corresponding el ements of T1 and T2: (T1 + T2),, = T1, + T2,

]

0 109 140 160 60
41 0 80 60 100
TL +T2={123 136 0 120 160
138 44 100 0 20
| 27 130 160 20 O

Let us look again at the matrices of |iking and hel pi ng that
we used in the | ast chapter.

P = READPRN( "rdpos. prn" H = READPRN( "rdhl p. prn")
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The matrix P + Htells us how many rel ations there were
between pairs of individuals. If a cell is zero, it tells us
that that the pair were not friends nor did one help the other.
A one tells us that they were either friends or one hel ped the
other. A tw tells us that they were both friends and one
hel ped the other. In other words, P + Htells us sonething
about the strength of the bonds between pairs of people.

The addition of matrices has two abstract properties shared
with the arithnmetic addition of nunbers. First, addition of
matrices, like the addition of nunmbers, is comutative. This
means that for any two matrices, A+ B =B + A Note that not
all arithmetic operations are commutative. For exanple, neither
subtraction nor division is commutative; a - b is not in general
equal to b - a, and a/b is usually not equal to b/a.

The next property, associativity, is nore subtle. For
nunbers, we know that (a + b) + ¢c =a + (b + ¢c). This neans
that if we first add a and b and add the result to ¢ we get the
same nunber as when we add a to the sumof b and c. The sane is
true for matrix addition: it is always true that (A + B) + C= A
+ (B + 0.

MULTI PLI CATI ON OF MATRI CES

Suppose that we have two vectors, p and q, representing the
price of a set of goods and the quantity that was sol d.



p = (3.43 .99 17.49 .34 2.23)

5
23
q=|1
35
L9

It's inportant that p is a row vector and q a col umm

vect or. pis also "a one by five matrix and q is a five
by one matrix. How would we go about cal cul ating the
total anmount that was spent? W would do this by

mul ti plying the price of each good tinmes the quantity of

t hat good that was bought and then adding up the result.

> p1 i 1 = 89.38
i

This is exactly how the product of these two matrices is
defined. The product is the sumof the products of the
correspondi ng el enent s.

p-q = (89.38)
Now | et us make q into a five by two matrix in which the two
columms represent the anounts purchased by two different
shoppers.

(5 0
23 35
qg=1]1 o0
35 46
9 5

We woul d cal cul ate the anpbunt spend by each of the two
shoppers by nmultiplying the price matrix tines the two col ums

of the q matri x.



EZIpl,i'qi,l = 89. 38 For the anpunt spent by

i the first shopper.

A — For the anobunt spent by
ZE:pl" Gi 2 = 61.44 t he second shopper.
i

This is exactly how the product of p and q is defined.

p-q = (89.38 61.44)

Now | et us change the problemagain. Let p be the prices at
two different stores. pis nowa tw by five matri x.

3.43 .99 17.49 .34 2.23
2.43 1.07 14.33 .53 1.99

Now we want to ask how much each shopper woul d spend at
each of the two stores. To do this we would nultiply
each of the store rows fromp tines each of the shopper
colums from q.

STORE 1, SHOPPER 1 STORE 1, SHOPPER 2

§£:p1,i'Qi,1 = 89.38 Egjpl,i-qi,z = 61.44
i i

STORE 2, SHOPPER 1 STORE 2, SHOPPER 2

§£:p2,i'Qi,1 = 87.55 Egjpz,i'Qi,z = 71.78
i i

Shopper 1 is better off at store 2. Shopper 2 is
better off at store 1. The product of matrices p and
g is defined in exactly the sane way.

89.38 61.44 ]

P q [87.55 71.78

More generally, let A be a matrix with mrows and n col ums
and let B be a mtrix with n rows and p columms. Note that the
requirenment for matrix nmultiplication is that the nunber of
colums of the first matrix equals the nunber of rows of the
second. Then ABis a matrix with mrows and p colums forned by



mul t1 plylng the correspondi ng el enents of each row ot A and each
colum of B and adding up the products. Let C = AB. Then the
el enments in the product are defined in the foll ow ng way.

C = AB

Cij = ajibyj + ajzby + .

Now | et us work out an exanpl e.

Ao 5320
9 4 8 4

AR ODN
N A O O
N P W e

39 8 16
A B =
78 40 57

Surprisingly, matrix nmultiplication is not comutative.
One reason is that sonetines AB is defined but BAis not. For
exanple, BA is not defined for the two matrices above. Even if
AB and BA are both defined, usually, AB and BA are not equal.
W w il see exanples of this in later chapters.

However, matrix nmultiplication is associative; (AB)C =
A(BC) is always true if the appropriate nmultiplications are
defi ned.

MULTI PLI CATI ON OF | NCl DENCE MATRI CES

Now |l et us |l ook at a diagramthat corresponds to the P
matri x of friendship choices in the Bank Wring Room

Figure 1



The incidence matrix for this graph is the 14 by 14 matri x

P. Pijj =1onlyif i andj are friends. |If Pis the
relationship as well as the matrix, then Pjj = 1 only if iPj.
Now let's look at a different relationship, P2, having friends
in coomon. P2 only when i and j have a common friend; they

may or may not be friends with each other. More specifically,
iP% if and only if there is sone person k such that i Pk and
kPj. Person k is the friend they have in common. Wiy we call

this relationship P2 will be clearer soon.

Looki ng at the diagram we can see that W and W have
friends in comon (two of them, while W and Sz do not. W
could graph the relationship P2. In this graph there would be
a line between 11 and W even though they are are not thensel ves
friends. Simlarly, there would not be a |line between |1 and W
because al though they are friends they do not share a friend.

We could also create an incidence matrix for this
relationship. Wat | want to show is that the incidence matrix
for the relation P2 is (alnpbst) equal to the matrix P2 = P tines
P. Consider again the definition of the relationship P2 iPg?
if and only if there exists a person k such that i Pk and kPj.
Now consi der the definition of the i,j elenment in the matrix P2

= Ptines P.
— ——— —— T T T T = = e e e = -

zszi,k'PkJ
k



This will be the sum of the nunber of instances in which i
and k are friends and k and j are friends. Thus, P?%; is just
t he nunber of common friends k of both i and j. P2 is not
quite the incidence matrix for the relationship P2 because it
can contain elenents greater than one (when two peopl e have nore
than one friend in common). But it can easily be converted into
an incidence matrix by changing all values that are greater than
one into one.
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The order of the rows and colums in P2 and Pis I1, |2, W,
W, W, W, W, W, W, W, W, Si;, Sp, S3. P253 = 2 because 5
(WB) and 3 (W) have two friends in comon, W and S1). The
nunbers on the mai n diagonal have a different interpretation.
It's not too difficult to show that they are sinply the nunber
of friends each person has.

(P2)ii = S PPy matrix multiplication rule
:Sk Pikpik Pis SymTEtriC, SO Pki = Fk
= S Py
= S Py because P consists of ones and

zeros, and 02 = 0, 12 = 1



Therefore, the main diagonal of the square of the symetric
matri x P shows the nunber of friends of each person.

The interpretation of the elenents of RZ is subtly
different when Ris not a conpletely symetric rel ationship.
Consider the incidence matrix R for any relation R (R®)ij is
t he nunber of paths of length 2 fromposition i to position j.
A path of length 2 fromi to j neans that there is at |east one
person k such that iRk and kR. But then Rk = Rj = RkR« =1
for each such intermediate person k. So, (R®)i; is the nunber
of paths of length 2 fromi to j.

The nost general statenent is as foll ows:

Let R be the incidence matrix for a relationship R, which
may or may not be symmetric. Then, (Rv);; is the nunber of
paths of length n fromperson i to person j,

LOCATI NG CLI QUES

Cliques are sets of friends. "diquishness" neans
exclusivity; nmenbers of a clique are not friends with those
outside the clique. How strong and excl usive does a set of
friends have to be before they forma clique. There is no
definite and authoritative answer to this question. In this
section we will explore sone possible definitions of cliques.

Definition: Let R be a symretric and reflexive relationship.
A strong clique Sis a set of people for whomaRb for all a and
binSand Sis not a proper subset of sone |arger strong
cliqgue. [Note: A set Sis a proper subset of a set T if al
elements of Sare in T and there is at |least one elenent of T
that is not in S ]

There are two parts to this definition, and both parts are
i nportant. Consider the follow ng hypothetical graph of
friendship relations anong a group of people.

Figure 2



NN

The three strong cliques are {1, 2, 3, 4}, {3, 5, 6}, and
{6, 7}. {1, 2, 3} is not a strong clique because it fornms a
subset of the larger strong clique {1, 2, 3, 4}. Notice that
person 3 belongs to two different strong cliques.

A weak clique, on the other hand, is a set of people who
are connected by ties of friendship even if they are very

i ndirect. Two people are in the sanme weak clique if they are
friends, or if they share friends, or if their friends are
friends, and so forth. |In ternms of graphs, two people, by this

definition, are in the sane clique if there is a path of any
| ength connecting them

Definition: Let R be a symetric reflexive relation. A weak
clique is a set of people all of whomare connected directly or
indirectly by paths of any |length and who are not a subset of a
| ar ger weak cli que.

In the above diagramthere is one weak clique consisting of
all seven individuals. Individuals 1, 2, 3, and 4 do not forma
weak clique because they are a subset of a |larger weak clique,
the set of all seven individuals.

One mat hemati cal consequence of the definition of weak
cliques is that being in the same clique is an equival ence
relation. That is to say, it is symmetric, reflexive, and
transitive

Claim Let aWw nean that there is a path of friendship choices
fromatob. If friendship Ris symetric and reflexive, then W
(belonging to the sane weak clique) is an equival ence rel ation.

Wis reflexive because R is reflexive. Simlarly, since R
is symetric, if there is a path froma to b, there also exists
a path in the opposite direction fromb to a (if Ris not
symmetric, then Wneed not be symetric). Finally, Wis
transitive. Renenber that Wis transitive is whenever aWw and
bW then aW. Suppose there is a path in a graph froma to b
and a path fromb to c. Mist there be a path froma to c? O
course! There nust be at |east one path froma to c. one that



passes through b. There may be others as well.

Any equi val ence rel ation breaks a set up into equival ence
cl asses, separate sets of individuals who are not related to
each other. Look at the diagramof friendships in the bank
wiring room There is one |large weak clique with nine nenbers
and five smaller ones consisting of just one person. These five
peopl e are "isol ates.™

There is a way to detect weak cliques using matrix
multiplication. Renenber that Rto the power k gives the nunber
of paths of |length k connecting every pair of persons. |If there
are n people in a group the |ongest non-redundant path (a path
t hat does not backtrack on itself and does not pass through any
person nore than once) can be at nost of length n-1. This does
not nmean, however, that a path of length n-1 will exist or that
it must be non-redundant even if it does. For exanple, anopng
the fourteen individuals in the Bank Wring Room the |ongest
possi bl e non-redundant path woul d pass through each person once
and woul d be of length thirteen. In the Bank Wring Room such
a path does not exist since sone workers are isolates and are
not connected to anyone else. But, if we added up the first n-1
powers of the matrix, we would get the total nunber of paths
connecting each pair. By summng up the first n-1 powers we are

guaranteed of not mssing any paths. [If this nunber is zero,
the pair are unconnected and nust belong to different weak
cliques. If it is greater than zero, they nust belong to the

same weak cli que.

Let's | ook at the seven-person group described by Figure 2.
We coul d see by eye that they forned one weak clique. This can
al so be denonstrated by | ooking at powers of the matrix of their
rel ati onshi ps.
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We need only | ook at paths up to length six; if two positio
aren't connected by a path of length 6, they aren't connected at
all. So, let's take the sumof the first six powers of the matri
P

(336 336 422 336 188 202 58 |
336 336 422 336 188 202 58
6 422 422 554 422 248 264 86

E: P =336 336 422 336 188 202 58
=1 188 188 248 188 122 132 44
202 202 264 202 132 150 46

| 58 58 86 58 44 46 20 |

As we can see, there are paths connecting all pairs of
points, so they are in one weak clique.



FURTHER READI NG

The best single source for the description of the
different types of cliques is the follow ng manual for a
conput eri zed network anal ysis program

Steve Borgatti, Martin Everett, and Linton Freeman, UCH NET
IV Version 1.0 Reference Manual. Colunbia, S.C.: Analytic
Technol ogi es. 1992.
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ADDI TI ON AND MULTPLI CATI ON OF MATRI CES
1. Add the following pairs of matrices, if possible. If not possible, explain why.

a 7 -4 (2 1
12 2 _+-_6 2 -3
_ L +] 6
b 4 1 2 e
-1 4| + -4
| -5 7] |72 f. (2 8) +(6 1)
C.
+ 1 _1] 5 -3 -1 1 3 5
3 -3 +
g. 9 5 5 2 4 6
5 1
d. 1 3 4 1 7 -1 A [ + 7
5 2 1 |+|5 2 -2 " 1
9 7 2 3 8 -3
2. Miltiply the following matrices, where this is possible. If not
possi bl e, expl ain why.
e. _ 1 6 1
4 8 2 3 }022
a .
-1 0 6 1 '02518

11 8 100 0
6 9 2 010 0
8 6 4 -7]]0 0 1 0
4 37[1 2 2 5 1 -7[[0 0 0 1
c. ~1 4|6 -4
-5 7 ]|7 2 g |4

7 (2 4 1)

3 4 1 7 -1
2 1|5 2 -2
7 2 3 8 -3

3. Find ther weak and strong cliques in the follow ng structure.

SO B B O O O
o O O »r O O
=, O O O +» O
O B O O O B
o O B O O B
o O O »r O O




