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Proofs of Propositions 4 and 5

Proposition 4. In the game with endogenous stakes, a deterrence equilibrium can exist only if
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the center’ s fixed cost of fighting, k., isin the range: t— |ap k2 £k, £min [
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Proof: Denote the equilibrium vaue of t; “ t;*” and the equilibrium values of t, on the top,
middle and bottom branches “ t,'”, “ t,"” and “t,°” respectively. In an on-equilibrium path DE, L,

challenges, both strong and weak C’s fight and set trictly positivet,’s, and L, acquiesces.

Working backwards, L, only acquiesces at hy if t2t 3 ak, and

e m-t/a-k)0 t'E :n}% . In equilibrium, 1 will show that both C's play
identically up to time 4, so the only consistent belief at hy ism =p ; the previous condition

becomes t, E&kz .Ifboth C'ssett, =t *, and given that both play F at time 2, the wesk C
a-p

will set t, = tzt if the strong C does (rather than reveal himself to be weak prompting a
challenge). The strong C can never benefit by setting t, <t,' . Might heset t, >t, (inwhich

case, he will optimize by setting t, =1 )? For asequentia equilibrium we just need to show that
there is some belief such that he prefers not to deviate. We are interested throughout in defining

the broadest set of parameter values such that an equilibrium can exist. It can be checked that the



belief that supports a DE under the broadest range of tzt isthatany Cwho sets t, * t2t Cisweak.

Given this belief, aDE existsif t, +—- 2k £, +t' -k 0 '3 - k .
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In equilibrium, aweak C will aways fight at time 2 if the strong C does (rather than
reveal herself weak and get a maximum payoff of zero). For the strong C to fight at time 2, there

must be some belief associated with A such that he prefers F. The belief that yields the broadest

range of t2t in DE isthat any C who plays A isweak. This would support a DE so long as

T- k£t +t) - k U t +t, 3 T.(If C deviates he will optimize by settingt, =T .)

Giventhat both C'sset t, =t * inequilibrium, L;’s belief at time 1 must be the prior, p.

ForLytoplayc, p(-t, *- k) +(L- p)(- k)3 -t* O t,* 3 K . If the strong C sets

t, =t *, theweak one will do the same since his payoff from thisis tzt - k. >0 (recal that

ak. £t2t ), while if he deviates and reveals himself to be weak, his highest payoff is 0. For the

grong Cto prefer toset t; =t, *, there must be some belief that makes deviation unattractive.

The belief that yields the broadest condition for equilibrium isthat any C who deviates is weak.

The strong C will prefer not to deviate only if the equilibrium payoff
t*+t, -k 3T s L 2k U t*+t,'3 T i k_ . (If she deviates, she will optimize by
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setting t;, =1, =, and both local actors will challenge)) So, for an on-equilibrium-path DE, we

apk,

have the following necessary conditions: t,' 3 ak ; t, £ —2; t +t,' 3 T;
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which together with t* £ T and t,” £ T imply:

t,*+t, 3 T+l k.; andt* 2 7
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In an off-equilibrium-path DE, L, acquiesces because she correctly believesthat if she
challenged, both strong and weak C’swould fight. Note that for both C'sto play F at time 2 off
the equilibrium path, both C’s equilibrium strategies must set the same t;* and t,'. Otherwise, the

weak C reveas himsdf to be weak, L, would chalenge, and the weak C would rather have
appeased at time 2. Given this, at hy the only consistent belief for L, isthe prior, ] =p , and the
only consistent belief for L, a time lisdso p. L,'s expected payoff from playing cis

p (-t - k))+(1- p)(- k) and her payoff from playing ais—t;. Thus, for her to play a,
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Given that both C’'swould fight off the equilibrium path at time 2, the weak C will set t,
at the same leved as the strong C to avoid revealing his weakness. The weak C will only fight at
time 2 asrequired if L, will acquiesce. (If L, would challenge, the weak C would be better off
playing A, even if this prompts a challenge.) L, will only acquiesce if
t

m(- L. K)E-t,' Ot £ amk, _apk, ,and t, 3 ak . Would the strong C set a
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t,=t, £

? If not, an off-equilibrium-path DE cannot exist because the weak C would

never fight. For astrong Cto preferat, = t2t , there must be some belief associated with setting
t, >t, that makes this unattractive. The belief that yields the broadest range of t,' isthat any C

apk,

who sets t, >t,' iswesk. Then Cswill prefer tosett, =t,' £ so long as

t*+, -k, 3 t1*+t—- 2k O t,3 L k.. For the strong C to play F at time 2 off the
a
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equilibrium path, there must be a belief associated with A that makes him prefer F. The belief that

supports the broadest range of t,° isthat any Cwho plays A iswesk. Then the strong C will



prefer Fonly if t,*+t, -k 3 T -k 0 t *+t, 3 T.If thestrong C playsF at time 2, the
weak C will prefer to do the same rather than reveal his weakness.

For thestrong Ctoset t, =t * there must be some belief that makes deviating
unattractive. The belief that yields the loosest possible constraint is that any C who deviatesis
Pk,
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weak. Giventhis, Cswill only set t, =t * if t; *+max[ -k]® ot +—- 2k.. The
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left-hand side is Cs's maximum payoff giventhat L, playsa( P is the maximum if C, pools

with Cs, t - k. isthe maximum if he does not); the right hand-side is her maximum payoff

given that shesets t, > t, *, prompting the belief she is weak.

So, for an off-equilibrium path DE, the following conditions are necessary:
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t*+t) 3 T andtl*+max[& t-k]3 t_+i- 2k, . Together with
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necessary (though not sufficient). Q.E.D.
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Proposition 5: At least one appeasement equilibrium existsif t - and either
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Proof: No off-equilibrium-path appeasement equilibria exist for the reason given in the text. In

an on-equilibrium-path appeasement equilibrium, L, must choose a at hy,, both types of C must

choose A attime 2, t," > 0, and L, must choose ¢. Using the same notation as before, for L, to

mk,
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chooseaath, -t," 3 m/(-t," -k,) Ut," £ and t," 3 K_. In equilibrium, | will show

that both types of C play identically up to time 4, so the belief at h, must be m, =p . Thus,

m m ~ PK
t, g e becomes t,” £ P
1-m 1-p

.Forastrong Ctosett, =t,", there must be some belief
associated with t, 1 t," that makes deviation unattractive. It can be checked that the belief that
will yield the broadest range of possible equilibirum t," sisthat any Cwhosets t, 1 t," isweak.

Then, Cs will prefer not to deviate only if tzm 3 1 - k. (assuming if he deviates he optimizes and

setst, =1).If Cssatst, =t,", Cy will prefer to do the same rather than prompt the belief heis

weak and get a payoff of zero. For the strong C to prefer to play A at time 2, there must be a
belief associated with playing F that makes him prefer A. The beief that will yield the broadest

range of possible equilibrium t,™ sisthat any C who plays F is weak. Given this, the strong C

prefers A only if t," 3 max[t, i1 2k_,t, - k ].But notethat t,” 3 t, - k_isimplied by
a

t," 3 T- kandt, =T, required dready, so this condition becomes:



"3 t1+_- 2k, if T>ak.(t >ak. isrequiredfor t, +;-2k >t, - k..) Cwwill dso

prefer to play A hereif Cs does, rather than prompt a challenge.

Given that both C'splay A at time 2, L, will only play cif t,* > 0. For the strong C to
prefer nottoset t; 1 t, *, there must be a belief associated with this that makes deviation
unattractive. The belief that yields the broadest conditions on t;* is that any C who deviates from

t, =t * isweak. Suppose Cs deviatesto some t, > 0 (in which case, | assume he optimizes by

setting t; =1 ). The greatest payoff Cscan get is max[’['+t—- 2k, T - k.] . Sofor himnot to
a
o ~ T - me moa = _
deviateinthisway, max[t +—- 2k_,t - k. ] £t,",whichgiven t, 3t - kand t, £1,
a

reducesto t," 3 T i 2k if T >ak, ' Giventha thestrong C setst, =t, *, thewesk C
a

will do the same rather than be believed weak. So, necessary conditionsfor an AE are:
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t," 3 k; tzmﬁf_—;;tz’” t-k;t*>0 andt,” 3T +a£- 2k if T >ak, . Together

with t," £Tand t* £, theseimply: T - pk2 £k, £E—= Pk, andelther—£kC <—and
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' Wehave assumed t, > 0, but in fact this could be derived as follows. Suppose Cs deviatesto
t, <0. L, would acquiesce, C would sett, = t , L, would challenge, yielding a payoff to C of
max [t - k. +t,, t,], whichis never greater than the strong C’s equilibrium payoff of

t," >T - k.. (Recdl that in equilibrium k_ £ .) So hewould never set t, < 0.



