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MCCUE, K. F. (2001), “THE STATISTICAL FOUNDATIONS
OF THE EI METHOD," THE AMERICAN STATISTICIAN, 55,
106-110: COMMENT BY LEWIS AND REPLY

Fread with grest interest “The Statstcal Foundations of the E1 Method' in the
Muy 2001 issue of The American Statistcian. | write 1o pomnt out u substantial
errar in McCue's analysis. McCue clinms that King “miscaleulites the distrib-
tion nll'.."ff'|'!] " with the result that “both King's precinct-level and disiricr-level
estimntes wre alse incorrect” (po 1OKY, This is a serious assertion that cuts right
1o the heart of the usefulness of King's method and the software that implements
it. However. McCue's cliim s incorrect,

Considera setof voting precinets, s = 1, ., poand the following defimtions
Ler T, be the fraction of eitizens in precinet @ that vine, X, be the fraction of
citizens that are Alfrican American, and .ff’ and [ be the fraction of Afncan
Americans ind non-Afncan Amencans that vote, respectively. The following
wdentity must then hold

Tei= If:J Ni+a" — X, ).

This identity is the core of King's method. Given g set of observations on 1 and
X the assumprion that the joint distribution of |:.-1f', AN is truneated bivariate
nortnal (TBVN), and the assumption thut the 3% are independent of X, King is
ahle westimute the parameters ol the assumed TBVN distribution. The disteibu-
fion of the j3°s is runcated such that (.-if'. A1) Hes om the unit square reflecting
the faet that the fraction of citizens (of any type) that vote must be in the {0, 1)
interval. Given estimates of the THVN purameters, King then generates i poste-
rior estimites of each {3, 4 ) conditional on 7, King asserts that conditional
on T, tand, implicitly, on X, ), the distribution of 4" is univariste truncited nor-
mal (TN} MeCue's proof asserts thar the law of tterated expectations would ful
1w hold in generad” -1:' 1 was TN though he offers no demonstration of such
u failure (po 10K)

To prove thut MeCue's claim is false, begin with the notation and definitions
employed by King [ 19975 und MeCue (2001), In particulur, let
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be distributed truncated bivariate normal (TBVN) on the unit square with locu-
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By the defimtion of the TBVN.
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for (A%, 38 ) & [0 1] = [0, 1] and O otherwise where
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Now define the busic “accounting identury™ 1o be
Ti = @2X, #4401 - X,)

for 0 < X, < 1 (or X, = . d! = T, und the posterior distribution of
given T s degenerate). The linear transfomation matriy, H bt takes (3w
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m=[ % i x,]

Using stunchurd change-of-variubles methods,

Sz = ¢ e e
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fowr .\',.15' < T, = {1 - X} +
Rearmanging and applying properties of determinanis.

,\‘.;'_if‘ and 1 < .i:‘ < 1 and O otherwise.

]

flZ,) = Vany ' HEH] T2
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for .\',.if' < T, < (1 -X,)+ ,\'..'if' andl 1) < .JE' < and O otherwise,
Applying the same wansformation o the definition of €7, we hive

A pll- N4 x,ah
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Equations (1) and (2) establish that the distribution of [Hf" T3 1 is truncated bi-
variite normal with support ona parallelogram PP with vertices {(0,0), (0, | —
X)L 0L X Fand having location parameters H, B and dispersion param-
cters H,EH! . Let iy be un untruncated bivariate normal density such that

s O GAT) i (AT) E P
TZ;) | 0, otherwise

Suppressing the » subsenps, "7 is umvariute truncated normal if
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where « = min|l, T/N| und | = max|0 (T + X — 1}/ X] completing the
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REPLY

Lewis” method of proof (and hence proaf) is invalid. Let W be 3 2 by 2 positive
detinite marix, @i 2 by | s, S be anoindicator function which is one on g
set P in ¥ and zero otherwise, and define 5§ = Wy — Wy 'l-'._?._,l Wi, =
Wou, (T =) 4 \Iiu'-l'._u] (1" = o), and o = ta, where W', | is the 1 th
clement of . Then, droppng all precinet subscripts 1 and using the definitions
m Lewis” letter, Lewis” reasoning can be stated as follows:

p I 1 Py
2y < |w I'Jt‘xpl-;[Z—ﬁ] L0 lr;r.-m} I i
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Equation (1) is Lewis’ equation (1), with # = HB and @ = HZH', and I being
the purallelogram defined by Lewis. Equation (2) is a factorization of (1) which
is shown in such clementary texts as Hogg and Craig (1970, sec. 3.5). Eguation
(3) reexpresses factorization as functions, where g is the lunction defined by
the expression within the first set of braces and g is the expression within the
second set, Equation (4) is the eruy of Lewis” argument. He would like the g to
represent probubility densities, and in paricular, g(3"T) 10 be the univariate
normal conditional on the 7'

Put this way the error is clear: one cannot go from (3) to (4), For factoriza-
tion to be a valid method of obtaining conditional and marginal densities one
needs to know one of these densities as well as the bivariate density. and Lewis
knows neither the conditional nor the marginal density, Rather. he infers both
simultancously, apparently by analogy with the usual conditional and marginal
densities of the untruncated bivariate normal, and while there of course exists u
factorization of the truncated bivariate normal into the densities of ﬁf‘ 1T and T,
it is not necessarily represented by the g in (4).

To show Lewis” factorization cannot represent the conditional and marginal
densities, assume "7 is univariate truncated normal as cluimed by Lewis.
Then defining Jip ¢ as one if T & [0, 1], zero otherwise. since f(T) =
Flat, Ty st and both of these right-hand densities have now heen de-
fined by Lewis, one has

o~ ] 1 £ T = pea)?
fI(T) o {;exp {:—}( = )J}JI'HI‘

which is a truncated univariate normal distribution, The impossibility is that
since X A" and (1 — X)/#" are both rruncated univariate normal, 7' = X 3" +
(1= X)3" cannot be truncated univariate normal. To see this, note the Laplace
trunsiorm (denored by £) of a normal with parameters (j1. 7 ) which is truncated
on the interval [a, b] is of the form [ (d) — d{c)] ~" explut + aZt? 2]l —
at) — e — mt)], where d = (b — p)/o and ¢ = (0 — p) /e (this can be
checked by differenting with respect to ¢ and observing that the first moment
evaluated at zero gives the same value for the mean as formula (79) in Johnson
and Kotz (1970, Then the Laplace transforms of X 4" and (1 — X }3" are of
this form, and. under the assumption of independence of (%, 3" ), one has

LT = CIXA* 4+ (1 = X)a"| = £|Xa"|£](1 — X)ya™)
= exp [(pn + pa)t + (o + 0512 /2]

['Ii(ﬂ';, —mut) — Pley, — fT‘-,”iI:q'I!f.,. —iyt) — Plew — Uu'”|
[M(ety) — Do) [Pldu) — Dley))

where the subseript b refers to quantities related 1o X 3" and 1 refers to guantities
related to (1 — X )4 The Laplace transform of 77 1% nat of the same form as a
univariate truncated normal and thus by the unigueness of the Laplace transform
T is not truneated upivariate normal as required by Lewis' elaims and methods
of proot,

Three other points. First, Lewis states that | offered no demonstration of the
failure of Taw of iterated ex pectations, that s, of the failure of £[E{3" 7] = 5",
where 13 is the mean of the truncated 3" In fuet, 1 derived an analytic formula
(p. 108) for the actual value of £2[£[A3"| 7] under the assumption that AT s
trumcated univariate normal, as claimed by King and Lewis. It seems obvions
that this analytical expression cannot be identically 5" for all parumeter values
of the underlying bivariate normal and all possible vilues of the X, and one point
where the above equality does not hold is sufficient to show that the distribution
AP(7" cannot be univariate truncated normul. This point may be obtained by
straightforward numerical techniques, and such a point exists when X = 45
and the underlying bivariate normal distribution has means (.33, .66) tor the two
variates and @ covariance matrix equal 1o the identity. Then B" = 3523 and
E|B[F"|7]] = 4674 so T is not truncated univariate normal,

Second, there is one error in the article which has come to my attention (thanks
to David fames of Indiana University), and that @s that the loear estimator of
the £[@*|T]can sometimes fall outside of the interval [0, 1], | had stated tha
the extreme points of (7. X) could be mapped into [0, 1] > [0, 1], which is
true, but since the mapping is nonlinear in X this is not enough to ensure the
mapping stays within the bounds of [0, 1] < [0, I]. The simplest solution is to
truncaie the linear estimator when this happens. James has written a paper he
is currently submitting for publication comparing the King estimator and the
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(corrected) linear estimator and finds thot for the dwasets used by King, the
agreement between the two estimators is quite good.

Finally, Lewis states that my claim of King's miscaleulation of 3" |7 is a “sub-
stantial error . that cuts right 1o the heart of the usefulness of King's method.”
Let us be clear—even had King correctly caleulated 8°7 it would have no
bearing on the theoretical basis of EI (and hence its usefulness), The substantial
error with EI (which is not disputed by Lewis) is the failure of King to recognize
the relationship berween his EI method and prediction. One example of how this
failure leads to bad statistical practice is the technique of vsing the predicted
precinet values from El as dependent variables m ndditional regressions as in,
say, Burden and Kimball (1998) (this technique was suggested by King—see
p. 279). These estimates of E[3"(T], which are called 3 (the i indicates a
precinet indexing), are essentially functions of the residunl and making them
dependent variables in a regression on some set of exogenous variables is just
regressing random noise. As | showed in the original article, the linear estimator
of E'|.-5”|7'| can be written in a form ;:J_S‘ = B4 ailTy = gl = BT
and ov, = cov[AP, Ty |/var[T;|. Then regressing the s on an exogenous sel
of variables (call them Z, = (Z,), ..., &, )} and letting 7 be @ ¢ by 1 ventor,
Z be the p by g stacked matrix of the Z;, A" he the p by 1 stacked matrix of
the ."ff"s. and o be a prhy 1 stacked matrix of ervor terms, one has that the OLS
estimate of 3 = Zr + vis

F=[2'z] 23" (5

To determine the values of 7, express 3" as 18" + A[T — jop]. where | isa
by Umatrix of s, A is g p by p matrix with o, in the ith diagonal position,
zero for other entries, T 1s the stacked p by | matrix of the T4's, and i is the
stacked p by 1 matrix of the e "s. Then (5) may be reexpressed as

F=[2'2]" 218" +(2'Z2]" ' Z'A[T - iy,

To determine the asymptotic behavior of 7. use the fact that p~'p = 1 and tuke
plims of both sides, so that

v -1 e
Plim{ {‘{ ’::| -Z—I-B“}
n P
D el N N I i
+p“m{[z,f] Z'A[ uﬂ}
» il

e U= T ) R
= "'z';{ﬂ'-fB +Hz,z._.<

plim ¥ =

where Ez’lz = plim[(Z'Z)/p| =" iz = phim(Z'1)/p, and plim{ Z'A[T —
jepl/p = X (all these plims are assumed to exist). As the plim of 7 depends
upon distributions of the exogenous variables 2 and the residunls T, — juy, it is
clear thar no substantive interpretation of the 7 is possible. This type of procedure
would not be used if the nature of the 3% |T' were understood.

Historically, there have been many models which treat the coefficients ns
random and thus Tend themselves o a straightforward application of the theory
of prediction (see Hawkes 1969: Brownand Payne | 986; Lupiaand McCue 1 990;
and Tam 1995 for a few such applications ). This theory was not applied beciuse
no one thought the analysis of these case-level predicated values was more
impartant or much different than residual analysis (in Fact, Morrison (1976),
who derived 4°T for the multivariate normal case. referred (o the analysis of
predicted values as an application of the field of residual analysis), What is
necessary (in my opinion} for ELto lve up 1o the claims of its adherents is to
produce an analysis making an actual distinction between the residual values and
predicted values in the EI formulation and show how the use of these predicied
values is actually an improvement over results from the voluminous research
litersture on residual analysis. This type of analysis would start the process of
creating the conditions for a reconciliation of El to the statistical hterature.
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